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1 The structure of an economy: den-
ing the state of technology.
1.1 1. An economy with n industries (sec-
tors): a multisector economy.
1.1 We shall limit this investigation to intermediate inputs
rather than to capital goods lasting more than the current
production period. Assume an economy the technology
of which is described by a matrix:
A =
h
aij
i
aij  0 not all 0
It is an n times n (nxn) square matrix of inputs per unit
of output and it is, by assumption, indecomposable.
1.2 Next dene an output, column, vector of n elements:
X = (Xj); Xj  0, 8j.
Note that the capital structure of this economy is a col-
umn vector
K = AX
1.3 The nal output, is a column vector of n elements
Y = (Yj)  0
1.4 The economy is described at any point in time by
AX + Y = X
1.2 2. A general view of a growing econ-
omy
2.1 Assume a constant A. Technical change is, therefore,
eschewed. Introduce a time variable. A growing economy
implies an investment process that allows the next period
to a¤ord a larger capital stock, namely
K(t+ 1) = AX(t+ 1)  K(t)
Besides investment, the economy in question also pro-
duces a column vector of nal, non-investment goods
that for simplicitys sake can be dened as consumption.
Let this vector be F (t)  0.
2.2 The system noted above can now be written as:
X(t) = AX(t+ 1) + F (t)
This a system of di¤erence equations.
2.3 Consider a general approach to solve this problem.
This system is made up by two parts, an endogenous
part that indicates that the system, by producing its own
investment, i.e. its new capital stock, endogenously sup-
ports the growth process and an exogenous one that sus-
tains consumption. The former can then be examined
independently from the latter. Consider, therefore, the
general system:
X1(t) = AX1(t+ 1)
where X1 is an output column vector that replaces the
currently used stock and provides an addition to it.
2.4 The system must be balanced to be viable and a com-
mon growth factor must apply, e.g. X1(t) = X1(0)t
from which
X1(0) = AX1(0)
and by setting 1=  
(I  A)X1(0) = 0
2.5 The above is a homogeneous system which admits
solutions for up to n eigenvalues i i = 1; 2; :::n, if
det(I  A) = 0
is satised. Solutions for X1(0) are obtained by checking
the n-dimensional eigenvectors:
(iI  A)Xi1(0) = 0
It is important to note that the eigenvectors arrange pro-
portional Xi1s by setting, for instance, one of the ele-
ments to equal 1, e.g. X1i;1 = 1: The n eigenvectors
can be arranged into an nxn matrix
[X1(0)] = [X11(0); X21(0); :::::Xn1(0)]
and the n eigenvalues can equally be arranged into an
nxn diagonal matrix [], from which a matrix of growth
factors [] .
2.6 The so-called particular solution, namely the one that
is obtained if the system were to support in time only the
requirements of the nal vector of consumption goods, is
derived by trying a specic analytical curve, for simplicity
F (t) = F (0)GtF
where GF = (1 + gF ), dening a given and constant
rate of consumption growth. It follows
X2(t) = AX2(t)GF + F (0)G
t
F
yielding
X2(t) = (I  AGF ) 1F (0)GtF
The complete solution is a linear combination of the var-
ious growth factors:
X(t) = [X1(0)]
h
t
i
b+ (I  AGF ) 1F (0)GtF
where b = (bi), i = 1; 2::::n, indicates an unknown
vector weighing the various factors that can be obtained
by solving for t = 0 and initial conditions X(0) .
2.7 The part
h
X1(0)
i h
t
i
b is the disequilibrium part.
It is straightforward to check that if from the outset the
system were in the equilibrium state:
X(0) = (I  AGF ) 1F (0)
it would remain in the steady state trajectory
X(t) = (I  AGF ) 1F (0)GtF
which is the solution of
X(t) = AX(t)GF + F (0)G
t
F
The remainder of this lecture will concentrate on the
steady state, balanced growth path.
2.8 An interesting question to ask is: what is the highest
growth rate? The answer is very simple: it is the rate
that the system can attain if there were no consumption
and all the surplus were employed to be invested in new
means of production. In this case, the relevant equations
are:
X = AXGmax
and setting 1=Gmax  
AX = X
that is the equations that have been explored above and
yielding eigenvalues from:
det(I  A) = 0
The solution of interest is the highest positive eigenvalue:
the Perron-Frobenius theorem insures that such a solu-
tion exists for a matrix A having the above mentioned
characteristics. Let such an eigenvalue be designated by
 to which the Gmax corresponds.
1.3 The dual system: the price system
and distribution
3.1 A simple way to designate an equilibrium price system
is to assume a common prot rate and a settled compet-
itive race and arbitrage between the various industries:
all investors stand to gain the same prot no matter in
which industry they choose to invest.
3.2 Call w the scalar denoting the wage rate, r the scalar
standing for the prot rate over the value of means of
production employed to produce output and dene l =
(li) as the row vector of labour inputs per unit of output
as well as a row vector p = (pi) dening prices expressed
in the same unit as the wage rate. Both vectors are n-
dimensional.
3.3 Consider the following system:
p = pA(1 + r) + wl
solving for:
p = wl [I  A(1 + r)] 1
subject to the condition that p  0
3.4 It is clear that this system has too many unknowns,
n+ 2, for the n above stated equations.
3.5 The number of unknowns can be reduced by estab-
lishing a numéraire, that is a unit of accounting. This can
be done by relating all prices and the wage rate to a spe-
cic price or to a combination of prices. For simplicitys
sake assume
p1 = 1
and transform all the above variables in terms of this
magnitude.
3.6 The system has now n+1 unknowns and establishes
a relationship between the wage rate and the prot rate,
w  ! r: a distributional issue. Given a real wage rate,
meaning a wage rate set in terms of the numéraire, the
n   1 prices, or relative prices in terms of p1, and the
prot rate r are accordingly determined.
3.7 In order to assess the relationship w  ! r, it is
expedient to resort to the equation the price of which is
the numéraire p1 = 1:
w
n
l1 + (1 + r)l [I   (1 + r)A] 1 a1
o
= 1
where a1is the vector of inputs entering the production
of commodity 1, i.e. the rst column of matrix A. A
simple calculation shows that the following holds
dw
dr
< 0
The w  ! r is, fact, a trade-o¤ which clearly is non-
linear.
3.8 Note, however, that the shape of this trade-o¤ de-
pends on the chosen numéraire; it depends on the specic
production conditions of the given commodity (labour
and capital inputs).
3.9 A question similar to the one asked in the previous
quantity problem can now be asked: what is the maxi-
mum prot rate? The answer is that the highest r occurs
for w = 0. The question is purely theoretical but not sim-
ply rhetorical. If this is the case, the price system reduces
to:
pA(1 + rmax) = p
and for (1 + rmax)  Rmax ; 1Rmax = 
p(I  A) = 0
which is the dual of
(I  A)X = 0
likewise having solutions if:
det(I  A) = 0
clearly yielding the same eigenvalues as in the quantity
problem. The corresponding eigenvectors are than ob-
tained for i, i = 1; 2::::n and for a given pj = 1. The
maximum positive eigenvalue Rmax = Gmax. The latter
magnitude lends itself to an economic interpretation: it
is, in fact, the achievable rate of surplus.
3.10 An interesting aside. Suppose that r = 0 . The
opposite of the previous problem. The price system, then
is
p = wl + pA
solving for
p = wl(I  A) 1 and p
w
= l(I  A) 1
This last expression has quite a noble standing in the
history of economic thought. pw was the way Adam Smith
dened and measured prices: as it is clear in terms of the
wage rate, i.e. in terms of labour commanded. Now
consider that
(I  A) 1 = I +A+A2 +A3 + :::::::+An + :::::::
since the economy is viable lim
n!1A
n = 0. The series
converges. On the other hand
v  p
w
= l(I A) 1 = lI+lA+lA2+lA3+:::::::+lAn+:::::::
Prices in terms of labour commanded are equal to the
quantities of labour directly and indirectly put in process
of production: the concept of Marxand Ricardos values.
A system that is clearly independent of any numéraire,
clearly overstepping any distributional ambiguity. If this
could be the case, any pair of relative prices
pj
pi
would be
one and the same thing as
vj
vi
:
3.11 It is also quite evident that for r > 0, this cannot
be the case since:
pj
pi
=
lj + l [I   (1 + r)A] 1 aj
li + l [I   (1 + r)A] 1 ai
the prot rate distorting away prices form values, weigh-
ing di¤erently the ow of prots according to the di¤erent
quantity of capital inputs in terms of labour inputs. The
only exception occurring when
vj
vi
=
pj
pi
=
lj + l [I   (1 + r)A] 1 aj
li + l [I   (1 + r)A] 1 ai
=
lj + l [I  A] 1 aj
li + l [I  A] 1 ai
i.e.
lj + l [I   (1 + r)A] 1 aj
lj + l [I  A] 1 aj
=
li + l [I   (1 + r)A] 1 ai
li + l [I  A] 1 ai
clearly for 8i; j. A very special and unlikely case.
3.12 The Gmax = Rmax is of special interest since it
declares what is the productive potential of a given tech-
nology as it relates to the capital stock.
No matter how complex an economy happens to be, its
technological potential can be reduced to a number, the
Perron Frobenius eigenvalue to which two eigenvectors
are associated, a vector of relative quantities X and a
vector of relative prices p.
3.13 X has an interesting economic interpretation since
it denotes the proportions in which the n industries must
be in terms of output in order to generate the maximum
growth rate or the common surplus rate. p, on the
other hand, designates how much commodities must be
worth in terms of the chosen numéraire for all industries
to recover the same maximum prot rate.
1.4 The basic system
4.1 The problem at hand now is to devise a measure of
total productivity that can be as neutral as possible and
reect an economys true technological potential. There
is a preliminary question that must be claried.
4.2 A simplied version of the above discussed system
can be rendered as:
AX(t)(1 + g) + Y (t) = X(t)
This system is in equilibrium if Y (t) = Y (0)(1 + g)t
4.3 In a system of this kind each industrys output en-
ters either directly or indirectly in the production of all
commodities. More realistically, economies are likely to
be structured as follows:
AX(t)(1 + g) +AbXnb(1 + g) = X(t)
AnbXnb(t)(1 + g) + Ynb(t) = Xnb(t)
where the new symbols are
Ab= a rectangular matrix of inputs entering the produc-
tion of commodities which DO NOT enter either directly
or indirectly into the production of all other commodities
but that are produced by industries the output of which
DOES enter the production of all commodities. The ma-
trix dimension is nx(s  n).
Anb= a square matrix of inputs entering the production
of commodities which DO NOT enter either directly or
indirectly into the production of all other commodities
but that are produced by these industries. The matrix
dimension is (s  n)x(s  n)
Xnb= an output column vector of commodities which
DO NOT enter either directly or indirectly into the pro-
duction of all other commodities: its dimension is (s n)
Ynb= a column vector of nal commodities which DO
NOT enter either directly or indirectly into the produc-
tion of all other commodities: its dimension is (s  
n)commodities which DO NOT enter either directly or
indirectly into the production of all other commodities:
its dimension is (s  n)
4.4 To obtain solutions, the procedure is as follows:
- rst, determine the quantities Xnb as a function of the
nal commodities, say consumption goods, arranged in
Ynb :
Xnb(t) = [I   (1 + g)Anb] 1 Ynb(t)
These solutions render the quantities Xnb directly and
indirectly required to produce Ynb(t):
- Proceed then to determine X(t)
X(t) = [I   (1 + g)A] 1Ab [I   (1 + g)Anb] 1 Ynb(t)
4.5 Let us now explore a paradox. Ask the following ques-
tion: what is the maximal growth rate of this economy,
namely its surplus rate? The answer is simple: set -
nal consumption equal to zero, Ynb(t) = 0, such that
Xnb(t) = 0. Thus the system reduces to:
AX(t)(1 + g) = X(t)
Finally yielding the maximum rate in terms of the Perron-
Frobenius eigenvalue relating to matrix A. From the
point of view of the productive potential of this econ-
omy what matters is the system describing the rst set
of equations: that is, the basic system.
4.6 The central role played by the basic system can be
checked by looking at the equilibrium price structure. Re-
sorting to the same symbols and conventions and to the
row vectors pnb = [pr] and lnb = [lr] ; r = n+ 1; n+
2:::::s :
pA(1 + r) + wl = p
pAb(1 + r) + pnbAnb(1 + r) + wlnb = pnb
It is at once seen that the rst set of equations is inde-
pendent of the following one while the latter is dependent
on the former provided that the chosen numéraire be se-
lected amongst the rst n prices. This is an important
caveat since all prices are dependent on the unit of mea-
surement. This is not just an accounting problem but
the choice of the reference commodity upon the value of
which all others are measured. Thus, suppose that the
numéraire be p1 = 1. The system solves for
p = wl [I  A(1 + r)] 1
entirely and independently identifying the w $ r trade-
o¤. Once these solutions obtained, the second set of
solutions follows as a consequence:
pnb = wl [I  A(1 + r)] 1Ab(1+r)[I Anb(1+r)] 1+wlnb[I Anb(1+r)] 1
4.7 Furthermore, the rate of surplus that the system af-
fords is begotten by simply setting w = 0 and solving
uniquely pARmax = p as indicated above. As it has
been seen, Rmax = Gmax hence the capital productivity
index, the productive potential of the economy hinge only
on the basic system characteristics.
1.5 A general productivity measure
5.1 Capital productivity cannot represent a measure of the
state of technology and its time derivative cannot mea-
sure aggregate technological change. Changes in labour
inputs have to be taken into account, that is labour pro-
ductivity must equally be considered.
5.2 This question is related to the previous problem en-
countered with the basic system. It must be kept in mind
that setting a numéraire implies valuing all magnitudes
by using it as a standard. thus, wages are accordingly
dened. Yet, the wage rate is the upshot of a contract
that must necessarily be struck on the grounds of a rel-
evant standard for workers and entrepreneurs alike. It is
a distributional variable and as such must be referred to
a signicant criterion. If the wage rate (and the prot
rate which follows in consequence) were established on
the basis of a commodity or a bundle of commodities
that belong to the non-basic part of the economy, then
the latter can no longer be considered as such. What is
needed is a measure of the real wage rate that is signi-
cant for the distributional relation.
5.3 Seen in this perspective, the commodity that makes
up the real wage rate is to be considered as part of the
basic system since labour enters directly or indirectly in
all commodities. Furthermore, looked at as an element
of cost for the economic system, it would be necessary to
weigh the load in terms of actual output that is required
to permit labour to function.
The relevant question is: what is the real labour cost to
produce current output?
Classical economists knew how to handle this problem:
in a somewhat crude way, it was held that the real wage,
reduced to subsistence, was the real cost to the economy.
5.4 A similar approach will be followed here. At any point
in time and in a given social and economic context, it is
possible to dene a bundle of commodities that make up
a real, say minimum, wage rate. The latter is simply
the volume and composition of a composite vector (a
composite commodity) that is required in order to have
an orderly functioning economy.
5.6 A more sophisticated concept would incorporate A.
Sens entitlement and capability approach: a compos-
ite commodity that would allow a socially fullling life.
Note, however, that concepts of this kind are elaborated
by statistical o¢ ces to dene the poverty line, or indeed,
the absolute poverty threshold, the former being dened
as the amount required to insure a minimum welfare. A
threshold that clearly varies according to the social con-
text. Consider also the consumer price index that is nor-
mally gured out in terms of a bundle of consumption
goods.
5.7 For simplicitys sake a similar concept will be im-
plemented. Dene a bundle of commodities that dene
social subsistenceand then formalise a vector of such
commodities to compose one unit of real wage rate. As-
sume that at any given point in time the wage rate counts
w such units. If c = (cj), j = n + 1; n + 2; ::::::s, is
the unit, column vector of dimension (n  s) then the
real wage rate, as a vector, is
wR = wc
5.8 This ploy allows to compute the quantity of real wage,
or the quantity of wage goods that is the real cost of
labour to the economy. Thus, the real labour cost of pro-
ducing commodity v, v 2 f1; 2; ; ; n; n+ 1; :::s; s+ 1; ::::vg
is lvwc, that is vector of real labour costs. Owing to
this formulation, the real cost producing commodity v, in-
cluding the capital stock, is a column vector (av; lvwc).
Following this procedure, the basic system is redened to
include the real labour cost to the economy since labour
enters directly and indirectly the production of all com-
modities.
Let therefore the system be viewed as:
AX(t)(1 + g) +AbXnb(1 + g) = X(t)
AnbXnb(t)(1 + g) + Ynb(t) = Xnb(t)
such that
A is now a square, indecomposable matrix of di-
mension sxs, Ab a rectangular matrix sx(v   s), Anb a
square matrix (v   s)x(v   s); X(t) a vector of dimen-
sion s and Xnb(t) a vector of dimension (v   s). The
di¤erence with the previously dened vector lies simply in
the fact that now the basic system includes all the mate-
rial inputs that enter directly and directly the production
of other commodities AND the consumption goods that
make up the real wage rate. The non basic part displays
all other goods (e.g. luxury goods).
5.9 It is now possible to compute the Gmax as the eigen-
value referred to matrix A. The procedure is the usual
one. Set Ynb(t) = 0 and compute
AX(t)Gmax = X(t)
5.10 Now the Perron-Frobenius eigenvalue applies to a
matrix that incorporates the labour costs. There is still an
element which is neither purely technological nor simply
conventional:w
Nevertheless we can take Gmaxas a socially relevant mea-
sure of aggregate productivity and its time derivative
dGmax
dt
as a meaningful measure of technical change. Notice
however that change occurs not only on account of a
mere change in technical norms but also because of a
change in required necessary consumption, in fact be-
cause of distribution.
5.11 Let a few questions be asked:
Suppose that at some point in time some aij decreases;
i 2 (1; 2::n), that is, a capital coe¢ cient becomes less
necessary. The upshot is clear:

I  A

X(t) = 0 is
solved for a det

I  A

= 0 that generates a higher
Gmax: the reason is clear, the real cost of production is
lower and thus the surplus rate is higher.
Assume that lhdecreases, h = 1; 2; ::::s, it is clear that
the same result applies.
On the other hand, if on account of a social process, a
cj increases, everything else remaining equal, then Gmax
decreases. The reason for this is to be sought in the
higher real labour cost that the economy must support. If
for some reason, it becomes socially necessary to increase
the quantity of cj that enters the wage vector at a unit
level, then the labour cost increases and thus Gmax falls.
It is straightforward that the same occurs if it is w to
rise.
5.12 In general, technical change implies the increase in
some components of matrix A and the decrease of some
other. Only the actual computation of the eigenvalue
can decide whether a positive change occurs or not. A
typical case is when there is an increase in some physical
capital requirement and a decrease in the labour one.
From an historical point of view, this is exactly what has
happened. Even more to the point, an increase in the
capital structure, namely increasing the rows and columns
of matrix A , i.e. the bordering of the matrix, must be
balanced by a decrease of some of its components: again,
from an historical point of view by lowering the labour
inputs, meaning by increasing the productivity of labour.
5.13 There is no a-priori reason to suppose that a micro-
economic change translates into a macroeconomic one.
5.14 Consider, also, environmental issues.
1.6 An economy growing at di¤erent rates.
6. A common, steady state growth rate has been dis-
cussed. Economies, however, are made up by parts that
exhibit di¤erent rates of growth. The question is how to
represent this feature of a real economy.
6.1 The procedure is very simple. As long as the tech-
nology does not change, the steady state growth rate is
the one that applies to the exogenous growth source. As
a reminder of the simple system that has been discussed
above, consider the following:
AX(t)(1 + g) + Y (t) = X(t)
This system is in equilibrium if Y (t) = Y (0)(1 + g)t
6.2 The same principle, however, can be made to apply
to every single component of column vector Y (t). To
see this, remember that Y (t) = (Yi(t)); i = 1; 2; 3::::n.
There is no problem in considering that every component
Yi(t) may, in fact, grow at a di¤erent rate.
6.3 Assume, for instance that
Yi(t) = Yi(0)(1 + gi)
t i = 1; 2:::::n; i 6= j ;8i; j
This means that each component grows at a di¤erent
rate. How can the system be solved)?
6.4 Dene the following column vectors:
Y i(t) = (0; 0; 0; ::::Yi(t); 0::::0; 0)
0
and such that
Y i(t) = (0; 0; 0; ::::Yi(0)G
t
i; 0::::0; 0)
0
Gi = (1+gi)
Clearly
Y (t) =
Xn
i=1
Y i(t) =
Xn
i=1

Yi(0)G
t
i

6.5 Solve for
AXi(t)Gi + Y i(t) = X
i(t)
Xi(t) = (I  AGi)Y i(0)Gti
The latter is the equilibrium solution for each compo-
nent i: subsystems have been created through vertical
integration.
6.6
X(t) =
Xn
i=1
Xi(t)
6.7 It is clear that the maximum growth rate remains the
same Gmax for each of these subsystems: hence Gi 
Gmax 8i
6.8 The same exercise can be carried out for more com-
plex systems such as
AX(t)(1 + g) +AbXnb(1 + g) = X(t)
AnbXnb(t)(1 + g) + Ynb(t) = Xnb(t)
6.9 Note that the equilibrium price system identically ap-
plies to all subsystems.
